In this paper, we consider a Navier-Stokes-Lamé system modeling a fluidstructure interaction. For a general domain, we establish local well-posedness for strong solutions in which initial velocity u 0 belongs to H 1 while the initial data (w 0 , w 1 ) for the elasticity equation belongs to (H 3/2+k , H 1/2+k ) for any k ∈ (0, k 0 ) where k 0 is an explicit positive constant.
Introduction
In this paper, we treat the existence of solutions to the Navier-Stokes-Lamé coupled system of PDEs describing fluid-structure interactions on general domains in three dimensions. This system, first proposed in [L] in 1969, has attracted considerable attention in the recent years with works addressing its linear and nonlinear versions [AT, ALT, BGLT1, BGLT2, CS, DGHL] . In [DGHL] , the linear version of this system was considered and weak solutions were obtained, as well as strong solutions for initial data u 0 , w 0 and w 1 each in the space H 2 . In [CS] , the authors treat the challenging moving boundary problem and prove well-posedness for very smooth initial data. More recently, through a direct semigroup approach, the authors in [AT] study well-posedness and stability of the linear system and they also consider the issue of higher regularity in a later work [ALT] . In [BGLT1] , the authors establish existence of weak solutions for the nonlinear problem, while in a later work [BGLT2] , they obtain strong solutions if the given initial data (u 0 , w 0 , w 1 ) belong to the space H 2 × H 2 × H 1 . In [KTZ2] , we addressed the simplified version of this system where the domain is flat and the normal stresses were replaced by normal derivatives. In this paper, we prove existence of strong local-in-time solutions given initial data u 0 in the space H 1 for the Navier-Stokes ) for some time T 0 > 0 depending on the initial data. The main difficulty in establishing this result is the incompatibility between the hyperbolic dynamics and the parabolic dynamics at the desired regularity level. This requires estimating normal traces on lower topologies in which standard trace theory does not apply. The difficulties arising in proving our result for domains with non-flat boundaries are mainly in the tangential estimates which require a local definition of the tangential fractional derivatives which are non-local pseudo-differential operators. To connect the tangential estimates with the interior regularity estimates, we use a pseudo-locality lemma (cf lemma 3.5) In addition, the tangential estimates contain non-local order terms as well as pressure terms which do not come up in the flat boundary case.
It is notable that precisely because of the incompatibility between the hyperbolic component and the parabolic component, a given regularity result which holds true for a flat boundary does not necessarily hold for domains with non-flat boundary [KTZ1] . This is the case because localizing the wave equation produces terms which are lower order with respect to the initial data only if there is no expected loss of regularity in the solutions to the wave equation with respect to the initial data. This loss of regularity is the result of insufficient boundary regularity which is mainly driven by the parabolic dynamics and is therefore determined by the regularity of initial data on the parabolic dynamics. It is actually surprising to us that lower initial regularity in the elastic equation while maintaining initial regularity of the Navier-Stokes equation at the H 1 level causes no such loss of regularity in solutions to the elastic equation. The outline of the paper is as follows: in section 2, we introduce the problem, write certain properties of the stress and strain tensors, and state the main result. In section 3, we first state an important Stokes type inequality for the pressure and proceed to obtain tangential estimates. We then prove a crucial inequality for the nonlinear term via anisotropic estimates. Next, we derive estimates on the time derivatives. Final a priori bounds are obtained by coupling both the tangential and the time derivative estimates.
The main result
We consider an open connected smooth domain in R n where n = 2, 3 consisting of an interior domain e where w is defined and an exterior region f where u and p are defined. We denote by c the interface between e and f , and by f the outer boundary of f . We consider the system of partial differential equations consisting of the Navier-Stokes equation for the variable u on the domain f and a second order elastic equation for the variable w on the domain e
3)
The variable u = (u 1 , u 2 , u 3 ) is the velocity of the fluid defined in the domain f , p is a scalar function representing the fluid pressure, while w = (w 1 , w 2 , w 3 ) represents the displacement on the domain e . Here, we use the notation σ (w) for the stress tensor and the notation (u) for the strain tensor (cf. [K, BGLT1] ). The strain tensor matrix is defined by
With the Lamé constants λ 0 and µ > 0, the stress tensor matrix is given by 6) or alternatively its entries are given by 
where we denote by ν the unit outward normal vector on c with respect to the region e . In addition, u and w satisfy the initial conditions
12)
(2.13)
Some important spaces that we shall use are (L 2 ) n , where n = 2, 3, but we omit the exponent n for the sake of simplicity.
In addition, we use the notation
for the L 2 inner products. We shall need the fact that the inner product
induces a norm that is equivalent to the H 1 norm on f by virtue of Korn's inequality [D, DL] . Note that the inner product (σ (u), (v) ) is symmetric, which means
induces a norm equivalent to the H 1 norm on e . We shall repeatedly appeal to the integration by parts formulae
(2.21) These inequalities follow from the formula:
22) which holds for any symmetric matrix B defined on a sufficiently regular domain with the boundary .
We note that due to the divergence free condition on u, we have the identity
23) and we may rewrite the Navier-Stokes equation as
(2.24) In fact, the strain term along with the pressure in the Navier-Stokes equation together constitutes the total fluid stress
is a solution of the Navier-Stokes-Lamé system if for any φ ∈ V and ψ ∈ H 1 ( e ) the equations 
for a time T 0 depending on the initial data.
Proof of main theorem
Our approach in establishing theorem 2.1, as in the flat boundary case, depends on the a priori estimates on the tangential and the time derivatives of the solution (u, w, w t ) of the system [ADN] . However, unlike in the flat boundary case, the pressure cannot be eliminated from the energy estimates satisfied by the tangential derivatives, due to the fact that the tangential derivatives of u are no longer divergence free. Therefore, our first step is to identify the existence of a pressure function that is associated with the solution of the system. The pressure terms that appear in the estimates are not lower order terms, and their regularity depends on the tangential regularity of u itself as well as on the regularity of the time derivative u t . This calls for coupling of the estimates on the time derivatives with those on the tangential derivatives in order to complete the proof.
The pressure inequality
Recall that u satisfies the variational equation
Therefore, u and p may be viewed as solutions of the Stokes system
a.e. in time. If we further have
, then u and p satisfy the estimate
. This inequality shall be useful in the a priori estimates to follow.
Estimates on the tangential derivatives
In order to obtain estimates on the tangential derivatives u, w and w t with respect to the boundary c , we localize the problem using a partition of unity of the domain and then proceed to flatten the boundary using a standard change of coordinates. Let
be an open cover of the domain f ∪ e and let the functions {ψ α } M j =1 be a partition of unity subordinate to the cover. Let φ α and α be smooth test function such that φ α ≡ 1 on supp ψ α and α ≡ 1 on supp ψ α . It suffices to consider local problems in the vicinity of the boundary c since otherwise any local problem away from the common boundary is essentially a single equation (either Navier-Stokes or a wave equation) with zero boundary conditions for which the sought after regularity result is standard. We therefore have the system
satisfied by the new variables u α = ψ α u, w α = ψ α w, and p α = ψ α p. Here,
denotes the lower order terms in the first equation, while d α is given by
and
If U α is a boundary chart, then we also obtain the boundary conditions
We denote the lower order terms in the boundary conditions by g α which is given by
Although the considerations in this subsection are directed only at the boundary charts, lemma 3.1 and its proof also apply to the interior charts and the outer boundary charts. The only change is that in the proof for interior charts, the boundary conditions are not present. We now apply a standard change of coordinates to move into half space and the boundary c into the plane x 3 = 0. We denote by β α :
+ a diffeomorphism mapping each local domain into the half space {x 1 > 0} and by γ α its inverse. It would be possible to rewrite the system with the change of variable; however, it is more convenient to incorporate the change of variable in the definition of the tangential operators introduced next.
Define the fractional derivative operator S by
and the operator T α,k by
Since k ∈ (0, ( √ 2−1)/2) is going to be considered fixed, we shall omit it from the notation. In addition, in this subsection we abbreviate T = T α . This operator is defined for all sufficiently regular functions on f .
The purpose of this subsection is to prove the following statement.
First, we apply T to system (3.10)-(3.12) while denoting by [A, T ] = AT − T A the commutator of T with the operator A. We obtain 25) while the divergence free condition on u α reads
. In addition, the boundary conditions (2.8)-(2.10) become
We now take the L 2 inner product of (3.24) with T u α and integrate by parts to obtain
We also take the L 2 inner product of (3.25) with T w α t so that we have 1 2
(3.32)
We next add (3.31) and (3.32) noting the boundary condition T w α t = T u α on c , and then eliminate the term σ (T w α )ν − 2 (T u α )ν, T u α using the boundary condition (3.28) to get
34)
In order to estimate A 1 , we first use that 2[div (·), T ] is a differential operator of order 3/2+k. Therefore, we get
We next apply the estimate
and use that [ (·)ν, T ] is a differential operator of order 1/2 + k. We obtain
where we used Korn's and Young's inequalities.
To bound A 2 , we again use that [div σ (·) , T ] is a differential operator of order 3/2 + k and obtain
We appeal to the trace estimates (3.40) and that [σ (·)ν, T ] is a differential operator of order 1/2 + k in order to get 
we use the inequality which follows from [KPV] 
(3.45)
for 1/p = 1/p 1 + 1/p 2 = 1/q 1 + 1/q 2 and p 1 , p 2 , q 1 , and q 2 ∈ (1, ∞), while s > 0 is the order of the differential operator T . We get
Therefore, the estimate for A 3 becomes
where we used Korn's and Young's inequalities and the trace estimate (3.40). In order to bound the nonlinear terms in A 4 , we note that [KPV] implies
for 1/p = 1/p 1 + 1/p 2 = 1/q 1 + 1/q 2 and p 1 , p 2 , q 1 , and q 2 ∈ (1, ∞). We get
where we used Hölder's inequality and the Sobolev embedding inequalities. Finally, to estimate A 5 we use
and obtain
(3.51) Using (3.33) and applying the inequalities for A 1 , A 2 , A 3 , A 4 and A 5 , we obtain (3.22).
Estimates on the nonlinear term
In this section we establish crucial anisotropic estimates on the nonlinear interior term, which shall be used in the next section to derive a priori estimates for the time derivative u t . This is done in the following lemma.
Lemma 3.2. The nonlinear term (u · ∇)u satisfies
for every 1 ∈ (0, 1] provided the right side is finite.
Proof. Let v be a vector function in L
Regarding the first term I 1 , we have
where we used φ α ≡ 1 on supp ψ α . Therefore,
(3.57)
Using (3.56) and (3.57) in (3.55), we get (3.58) from where, after a change of variable,
For I 2 , we use Hölder and Sobolev embedding inequalities to get
Taking the supremum over all φ of unit norm in
and (3.52) follows.
An a priori estimate on the time derivative u t
The purpose of this subsection is to prove the following estimate on the time derivative u t . 
Lemma 3.3. The solution satisfies an a priori estimate
This result is applicable to a solution w of a general second order hyperbolic equation (cf [LM] ). In other words, the Laplacian can be replaced by any second order elliptic operator and the result still holds. However, since we are dealing with stress and strain normal tensors on the boundary instead of just normal derivatives, the estimate is modified accordingly and the Hidden regularity result above still applies for σ (w)ν [H] . This follows from the inequality
(3.64) where ∇ τ denotes the tangential derivatives on the boundary.
Proof. We set φ = u t in (2.26) and obtain
whence, integrating in time,
Now, we proceed by estimating each term. First,
(3.67) Applying standard trace inequalities to the initial conditions and the inequality (3.40) to other terms, we get
(3.68) with 1 to be determined. Using (3.64), we then obtain
(3.69) Finally, applying trace estimates, we get
70) where δ ∈ (0, 1] is to be determined and where
we have also used Korn's inequality to bound ∇u 72) and this inequality follows from (3.63) applied to the equation
Therefore, we obtain (3.76) for 0 ∈ (0, 1], and [KTZ2, lemma 3.7 
(The restriction on k comes precisely from this inequality (3.77), combined with the estimates on the tangential and time derivatives). Inequality (3.74) then becomes
Next, we estimate the nonlinear term in (3.66) and obtain
dτ.
(3.79)
Combining (3.65), (3.74) and (3.79), we get (3.62).
Final estimates-proof of theorem 2.1
Before collecting the tangential and time estimates, we state a lemma which helps us treat certain high order boundary terms.
Lemma 3.5. We have Proof. First, we have
where we used definition (3.20) of S. Therefore,
We now use the fact that the order of ∇(Sφ
, and the lemma follows.
We now integrate (3.22) in time and sum over all α. With
We next apply the Stokes estimate (3.9) and the elliptic estimate (3.75) to get
We now use lemma 3.5 to estimate
and we also use the inequality (3.52) from lemma 3.2 so that we have 1 2
Now, multiplying the (2.1) with u and (2.3) with w t and using the boundary condition (2.10), we get the energy inequality
where
where C 0 is sufficiently large universal constant (the role of this constant is to absorb the expression resulting from the tenth term on the far right of (3.86)). We combine (3.87) with (3.86) with 1 sufficiently small and δ small compared with 1 . Finally, we choose 1 sufficiently small and δ small compared with 1 to absorb the term α t 0
dτ into the left side and obtain The local-in-time result then follows using the standard Gronwall inequality argument.
Justification of the a priori estimates and uniqueness
We begin with a very smooth solution to the linear system with a forcing term f given smooth initial data [BGLT1, AT] )) by induction. Finally, this justifies applying the above full estimates to obtain uniform estimates on (u n , w n , w n t , p n ) for some time T 0 depending on the initial data but independent of n which allows for passing through the limit in a subsequence to the desired solution (u, w, w t )) which allows passing through the limit in the nonlinear term.
The uniqueness of solutions follows from performing an energy estimate on the difference of two solutions in L 2 as in [KTZ2] . However, due to the absence of the term 1 2
(u·ν)u from the boundary condition on c , one cannot make use of the cancelation property of the nonlinear term. In particular, the estimates produce the additional term 
